r ) denote the logarithmic mean, identric mean, arithmetic mean, geometric mean and r-order power mean, respectively. We find the best constant p, q > 0 such that the inequalities A
Introduction
The logarithmic and identric means of two positive real numbers x and y with x The main properties of these means are given in [] . In particular, the function r → A r (x, y) (x = y) is continuous and strictly increasing on R. As special cases, the arithmetic mean and geometric mean are A = A(x, y) = A  (x, y) and G = G(x, y) = A  (x, y), respectively.
In the recent past, the logarithmic mean and the identric mean have been the subject of intensive research. Ostle This result, or a part of it, has been rediscovered and reproved many times (see, e.g., [-] ). In  Lin [] obtained an important refinement of the above inequalities:
and proved that the number / cannot be replaced by a smaller one. A sharpness of the second inequality in (.) has been shown by Neuman [] . The following inequality is due to Carlson [] :
In [] , the authors present a very nice double inequality, that is,
Using a new method, Wang and Wang [] proved that
holds for p = , /, /. Chen and Wang [] pointed out this inequality is true for all real numbers p. Only when p ∈ (, ), however, the inequality A -p p G p > G would be true. In , another better lower bound for L was given by Zhu [] , that is,
The following lower bound for L in terms of I and G is due to Alzer [] :
For the identric mean I, Stolarsky [, ] and Pittenger [] presented lower and upper bounds for I as follows:
and the constants / and ln  are the best possible. Inequalities (.) were also rediscovered by Yang [] . The following result is due to Sándor [] :
Other inequalities for L and I and their applications can be found in the literature [-].
The aim of this paper is to find the best p, q ∈ R such that the inequalities
hold.
It is easy to check that both the functions
are even on (-∞, ∞), and therefore we assume that p, q >  in what follows.
Our main results are stated as follows. 
Theorem 
We will prove two theorems above by hyperbolic function theory. For this end, we need the following lemma, which tells us an inequality for bivariate homogeneous means can be equivalently changed into the form of hyperbolic functions. 
Lemma 
Therefore, we will prove Theorem  and Theorem  instead of Theorem  and Theorem  in the sequel.
Proof of Theorem 1
In order to prove Theorem  , we first give the following lemmas.
Then U is decreasing on (, ∞) with
Proof Differentiation yields
which implies that V is decreasing on (, ∞), and so V (p) < lim p→ V (p) = . Therefore, U (p) < , that is to say, U is decreasing on (, ∞). And, by L'Hospital's rule, we have
which proves the lemma.
Remark  From Lemmas  and  it follows that the function p → (A p /G) /p is decreasing on (, ∞), and
so are the functions defined by (.) and (.), and
Then we have
Proof Using L'Hospital's rule gives (.). To obtain (.), we write f (t) as
from which (.) easily follows. This lemma is proved.
Lemma  For p > , let f be defined by (.). Then f is increasing if p
where f  (t) = -p cosh pt sinh t -t sinh pt sinh t + pt cosh pt cosh t.
Using 'product into sum' formula for hyperbolic functions gives
and expanding f  (t) in power series gives
where
It is easy to check that
Now we are ready to prove desired results.
(i) We first prove that f is increasing if p ≥ / √ . To this end, by (.) in combination with (.) and (.), it suffices to show that a n ≥  for n ∈ N. We easily check that a  = a  =  and
Assume that a n >  for n ≥ . From (.) it is easy to see that
which together with (.) yields v(n, p) > , and from (.) it is derived that a n+ > . By mathematical induction, we conclude that a n ≥  for n ∈ N, which proves part one of this lemma.
(ii) Next we show that f is decreasing if p ≤ /. Likewise, it needs to be shown that a n ≤  for n ∈ N. As mentioned previously, a  = a  =  but
Suppose that a n <  for n ≥ . We have
which leads to v(n, p) < , and from (.) we have a n+ <  for n ≥ . By mathematical induction, it is obtained that a n ≤  for n ∈ N. This completes the proof.
Now we prove Theorem  .
Proof of Theorem  It is clear that (.) (or its reverse inequality) is equivalent to f (t) >  (or < ), where f (t) is defined by (.). (i) We first show that f (t) >  for all t >  if and only if
(ii) Next we prove that f (t) <  for all t >  if and only if p ≤ /. If f (t) <  for all t > , then by (.) and (.) we have
which leads to  < p ≤ /. Conversely, if  < p ≤ /, then from the monotonicity of f by Lemma  we conclude that 
Proof of Theorem 2
The following lemmas are useful.
Lemma  Let p >  and let g : (, ∞) → (-∞, ∞) be the function defined by
using L'Hospital's rule yields (.). To obtain (.), we
have to change g(t) as follows:
from which (.) follows. Thus the lemma is proved.
Lemma  For p > , let the function g be defined by (.). Then g is increasing if p ≥ / and decreasing if
Using 'product into sum' formula for hyperbolic functions and expanding in power series give
We find that
We claim that
Indeed, applying the binomial expansion gives
Hence, if p ≥ /, then we get
for n ≥ , which in combination with Based on the above lemmas, Theorem  can be easily proved.
Proof of Theorem  It is clear that (.) (or its reverse inequality) is equivalent to g(t) >  (or < ), where g(t) is defined by (.). (i) We first prove that g(t) >  for all t >  if and only if p ≥ /. If g(t) >  for all t > , then by (.) and (.) we have
which leads to p ≥ /. Conversely, if p ≥ /, then by Lemma  we get
(ii) Next we show that g(t) <  for all t >  if and only if  < p ≤ √ /. If g(t) <  for all t > , then by (.) and (.) we obtain
Solving the inequalities yields  < p ≤ √ /. http://www.journalofinequalitiesandapplications.com/content/2013/1/116
Conversely, if  < p ≤ √ /, then by the monotonicity of g we have
(iii) Lastly, due to Lemma , the function p → (cosh pt) /(p  ) is clearly decreasing on (, ∞). This proves the proof.
Corollaries
Using Theorem  and (.), the following corollaries are immediate.
Corollary  We have
holds for x, y >  with x = y, where the constants p  = / √  and / are the best constants.
By Theorem  and (.), we obtain the following.
Corollary  We have
holds for x, y >  with x = y, where / and q  = √ / are the best constants.
Remark  Neuman [] has derived some bounds for certain differences of bivariate means, one of which is as follows:
While (.) and (.) contain some new bounds for certain ratios of bivariate means, for example,
where x, y >  with x = y. Making use of identity for means
given in [, ], inequality (.) can be changed as follows:
Employing Theorem , Theorem  and (.), we can prove an interesting chain of inequalities involving the logarithmic mean, identric mean, power mean and geometric mean.
hold for x, y >  with x = y, where
Proof By Remark , we see that the function p → A
and by (.) it is deduced that 
Squaring both sides of (.) and (.) yields the sixth and seventh inequality, respectively. The proof is finished.
From Lemma  with (.) another known interesting inequality can be reobtained. It should be noted that the second inequality in (.) first appeared in [] and was reproved by Neuman and Sándor [] .
Corollary  For x, y >  with x = y, we have
where  √ e - is the best constant. http://www.journalofinequalitiesandapplications.com/content/2013/1/116
Proof From (.) it is obtained that
And since the function t → g(t) is increasing on (, ∞) by Lemma , we have
which is equivalent to (.). Thus the proof is completed.
Comparison of some lower bounds for logarithmic mean
As mentioned in the first section of this paper, there are many lower bounds for the logarithmic mean L such as
and so on, some of which have been proved to be comparable and others remain to be compared further. As applications of our main results, we will discuss them in this section.
To this end, we first give a lemma.
Lemma  ([, Conclusion ])
The function r → A r is strictly log-concave on [, ∞).
hold for all x, y >  with x = y, where p  = / √  and p  = / cannot be improved.
Proof By Lemma , to prove (.), it suffices to show that
For t > , we define 
